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C O N V E R G E N T  S H O C K  W A V E  

N O N H O M O G E N E O U S  M E D I U M  

IN AN IDEAL ELASTIC 

I .  V.  S i m o n o v  UDC539.374 

The boundary-va lue  p rob lem for  s y m m e t r i c  focusing of a shock wave in a medium with var iab le  
densi ty  under  a constant  load (model of a porous  body with var iab le  initial  velocity) is solved.  
The  solution asympto t ic  is studied. Focus ing  in a homogeneous medium has  been  prev ious ly  
studied [1]. One inve r se  p rob lem re la ted  to the choice of the opt imal  p r e s s u r e  conditions is 
examined.  Const ra in ts  on the appl icabi l i ty  of the model  a r e  touched on. 

Suppose a uni form load P0(t) is applied to the sur face  of a sphere  (cylinder,  layer)  whose initial density 
is a d i f ferent iable  function of the radius  [p =p( r ) ]  at a moment  of t i m e  t =0. We a s sume  that  the load ins tan-  
taneous ly  at tains a finite value p0(t) > 0 and does not i nc r ea se  any fu r the r  (the physical  meaning of this con-  
dition is that  of an explosion on the surface) ;  the medium is ideal (without tangent ia l  s t r e s s e s ) .  The densi ty 
of the medium at any point p 1 is se t  equal  to a constant (0 <p < p 1) and r ema ins  constant if the p r e s s u r e  at this 
point r eaches  values  a r b i t r a r i l y  g r e a t e r  than ze ro .  This  highly s impl i f ied  model  approx imate ly  desc r ibes  the 
behavior  of a body with va r i ab le  poros i ty  and uniform skeleton at high loads .  

A shock wave will  p ropagate  f r o m  the su r face  to the cen te r .  The focusing p roce s s  fo r  the shock wave in 
a homogeneous medium has been studied in [1]. The purpose  of the cu r r en t  r epor t  is to invest igate  the in- 
f luence of nonhomogeneity on the mot ion of the med ium behind the front  of a convergent  shock wave.  In p a r -  
t i cu la r ,  the var ia t ion  in the degree  of cumulat ion of a shock wave is of some in te res t .  It m a y  be expected that, 
as  in the case  of an ideal gas of va r i ab l e  densi ty  [2], the choise of p (r) can e i ther  weaken o r  intensify accumu-  
lat ion.  

The following motion and continuity equations hold within the region bounded by the moving sur face  r = 
Rl(t) and the shock wave f ront  r =R(t): 
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OuO___t.._~lt.~_r~__.~l.~.r=,,Ou, 1 6p ~ 7 r  -~-Our~ (B i (t) < r < R (t)), 

and the following conditions hold at the shock-wave front  and on the surface:  

u = u , ( t ) = O ( R ) h ,  p = p , ( t ) = p ( R ) O ( R ) R  ~ (r=R(t ) ) ,  

(1) 

(2) 

P=Po(t)  ( r=Rl( t ) ) ,  

where  U is mass  velocity;  v =0, 1, 2, which cor responds  to the cases ' o f  a layer ,  cyl inder ,  and sphere;  
0 (R) = l - p  ( R ) / p  1; the dot above a var iable  denotes the t ime derivat ive;  and R(0) =RI(0) =R 0. 

The continuity equations and the f i r s t  condition on the front  imply that 

R 

= o  (R)R -7- ; : + (" + 1) ! o @ y,  dy. (3) 

We substi tute the equations for  u in the f i r s t  equation of (1) and c a r r y  out integrat ion f rom r =R to 
r = RI, a r r iv ing  at the following equation for  R(t): 

! AvR ~ = B~ (R (0) = Ro , / /*  (0) = Po (0)/[13 (Ro) e(Ro)l);  (4) B h +  7 

Ao=2[R(lnO)R 1--0 ] f ro= - po(t) B1/R -- l ; piO(R)(Ri/R -- 1); 
[ " l - - (O /2 ) ( l+B ' /R2 ) ]  

A i ~ 2 t + R (ln 0)u --  - -  In (R,jR) ; B~ =- - -  po (t) piO (B) In (Ri/R); 

2 [2 + R ( l n 0 ) ~ - - l -  (0/2)(1-t-R'/B~) ] po(t) 
= i - -  B--Th-7 j; B~ = - - a , 0 ( R ) 0 -  R/R1)" As 

We introduce the d imensionless  var iables  x =R/R  0 and g = ~t2/R2(0), denoting by the vinculum va r i -  
ables as given by the i r  values  when t = 0 o r  x = l .  

Let  us assume that P0 is given as a function of the front radius x [1]. By solving the problem, we 
may  then de te rmine  the function P0(t) which cor responds  to the resul t ing solution ( semi inverse  method). 
A solution for  any continuous function P0(t) can in all likelihood be const ructed by success ive  approxima-  
t ions.  Such a method of defining the boundary condition will not play a rote  in studying the asymptotic  be-  
havior  of the solution as x ~  011]. 

We let all  the functions depend on t in place of x, without varying thenota t ion .  Equation (4) takes 
the fo rm 

Here  B v =-Q(x) /~Ov(Xv,  x), where  

x - ~ + A ~ g = B ~  ( g ( i ) = i ) .  (5) 

%=Xo/X --  1, %=ln(x i /x ) ,  %=1 --  x/x~; 

O(x) =20(1)[t - 0(t)]~o(x)/O(x); 

x~ +i = t + (~ + 1) ~ 0 (y) yVdy. 
i 

Analogously [1], we isolate the s ingular i t ies  in the imprope r  integrals  in the solution (5), obtaining 
$r 

e~Pt-c'~(~)l 0~(~)r ) IT  ( 0 < x < t ) .  (6) 

Here 

l l - -  O (~)] d~ 
G o = 2 i [ T l l ~ - - ~ o  l - i - ~ o  ] T  , 

-= in gl 1 T '  
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w h e r e  

[ i ]t ~, ~/ i + (v + l) (y) yvdv 
1 

% = x - i  - -  1, * :  = xlnx, '2 = x(l - -  x). 

Equa t ions  fo r  the  v a r i a b l e s  at  t he  f r o n t  a r e  i m p l i e d  by  Eq.  (2), 

p ,  =~,(x)O(x)g(x); , , .  =~(x) Vg-~-). 

The  m a s s  v e l o c i t y  beh ind  the  f ron t  h a s  the  f o r m ,  in a c c o r d a n c e  wi th  Eq.  (3), 

u=u,(x /z )~  (z=r/R, ) ,  

whi le  -~x ,  z) w i l l  be  d e t e r m i n e d  by  i n t e g r a t i n g  the f i r s t  equa t ion  of Eqs .  (1) f r o m  s o m e  poin t  z wi th in  t he  

r e g i o n  to  z =x,  

H e r e  the  p r i m e  deno t e s  d i f f e r e n t i a t i o n  wi th  r e s p e c t  to  x.  

The  func t ion  x =x(t)  can  be  d e t e r m i n e d  f r o m  the equa t ion  

i 

V777) " 

Then  the  d e s i r e d  func t ions  w i l l  be  func t ions  of the  v a r i a b l e s  z and t .  

We  a s y m p t o t i c a l l y  c a l c u l a t e  g(x) a s  x ~  0 u s i n g  Eq. (6), 

i (v 2), (8) t s ~  ( v =  1), g ~  z2+oo0~ g ~ - ~  ( v  = 0 ) ,  g ~ x~0----:-  = 

(o~  o,s ,nxl x,o, xl = 2 12) 

Equa t ions  (7) i m p l y  tha t  the  v a r i a b l e s  a r e  a s y m p t o t i c  a t  the  f ron t .  If  0 and p do not s i m u l t a n e o u s l y  
v a n i s h  when x = 0, the  a s y m p t o t i c  b e h a v i o r  of a l l  t he  func t ions  a s  x ~  0 w i l l  not  d i f f e r  f r o m  the  c a s e  of  a 
h o m o g e n e o u s  m e d i u m .  Suppose  tha t  the  d e n s i t y  d i s t r i b u t i o n  p / p  l ~  x a (  a > 0) a s  x ~  0. Then  0 ~ 1 and 

p~ ~ x% ~ ~ i ,  u ,  ~ t (v=0) ,  (9) 

s--I R 3--1/2 s - - i / 2  
U ,  . . . . . .  (V = i ) ,  P *  x 2 -~z  ~ x ~ x 

P.  :~3-~, z-~" u ,  ~ ' (v = 2). 

The  i n c r e m e n t  a s y m p t o t i c  equa t ion  fo r  
h e r e  i s  an  i n c r e m e n t  of  t he  t h e r m a l  i n t e r n a l  
m e d i u m  [1], has  the  f o r m  

e, --~ t (v=0), e, ~ z -~s - : (v= l ) ,  e, ~ x-~(v=2). 

Let  us now c o n s i d e r  t he  c a s e  0 H x fl a s  p / p - ~ l  (x-~  0,/3 > 0) 

p ,  N x-f ,  /~ ~ x - l ,  u ,  ~ t ,  e,  ~ I (v=0),  

s - - 2  s - - I  s - - I  s - -2  
p ,  "~ x~--~, R " .  x ~  , U, ~--~-- ,  e , - - - - x 2  (~ = l), 

l i l t 
P* z ~ '  k - -  i v = 2 ) .  z - ~ '  U . - - x ,  e.  

t he  s p e c i f i c  i n t e r n a l  e n e r g y  at  the  f ron t  [e =1/2R2(1)0 2g], which  
e n e r g y  and d e t e r m i n e s  the  t e m p e r a t u r e  d i s t r i b u t i o n  in the  

(10) 

Equa t ions  (9) and (10) i m p l y  tha t  the  a s y m p t o t i c  f o r m u l a  f o r  t he  equa t ions  u ,  and  e ,  w e a k l y  depend  
on p (x ) .  They  have  a s i n g u l a r i t y  a s  x--* 0 f o r  v =1,  2, whose  o r d e r  of  magn i tude  v a r i e s  s l i g h t l y  a s  we  pas s  
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!~,0~ 6'=0,7 

Fig. 1 

f r o m  the ca se  of ze ro  densi ty  at the cen te r  to the case  of ze ro  poros i ty  at the cen te r .  Nonhomogeneity 
exe r t s  a s t rong effect  on the behav ior  of p . .  When p/p 1 =x3 (v =2) and p/p 1" x2s( x} (v =1), p r e s s u r e  at 
the front  p , ~  const .  If  the degree  of d e c r e a s e  of densi ty  is g r e a t e r  or  less  than that indicated, p r e s s u r e  
will  e i the r  d e c r e a s e  or  i nc r ea s e  as the wave approaches  the cen te r .  It is of in te res t  to note that the de-  
g ree  of i nc rea se  of p ,  (~ =2) is ident ical  in Eqs.  (9) and (10) when c~ + fl =1.  

Our  r e su l t s  m a y  also  be  of in te res t  fo r  such appl icat ions as dynamic ex t rus ion  of meta l l i c  powders ,  
in pa r t i cu la r ,  fo r  de te rmin ing  op t imal  ex t rus ion  conditions that  can be fo rmula ted  in the f o r m  of an in-  
v e r s e  p rob lem,  fo r  example ,  the p rob lem of de te rmin ing  the fo rm and magnitude of an applied momentum 
to obtain given ex t rus ion  condit ions.  Let  us cons ider  one pa r t i cu la r  case  of this p rob lem for  a homo-  
geneous cy l indr ica l  sample  (p =eonst}. We de te rmine  P0(t) under the condition that  p .  (t) - c o n s t  = P0(t) (uni- 
f o r m  ext rus ion  of the sample}.  Then R(t} =const  and g-= 1. Equation (5) tu rns  into an equation fo r  de t e r -  
mining p0(x} and x plays the ro le  of d imens ion less  t ime  (x +1 +Rt/R0}. 

We obtain ~-0 = [1 + l n ~ - ( e / 2 ) ( 1  +~2)] / (1-  e).  Here  ~ '=x ( 1 - 0  +e x2) 1/2. 

C u r v e s  descr ib ing  the dependence p0=P0(~ = - l ~ t / R  0) fo r  0 =0.2 and 0.7 a r e  shown in Fig. 1. Clear ly,  
negat ive p r e s s u r e s  mus t  be applied when T > 0.63 (X< 0.37} in o r d e r  to mainta in  p ,  constant .  We note that  
the point x ~ 0.37 is the point at which p ,  begins  to grow in a homogeneous medium for  any p0(x}. If  p r e s -  
su re  P0 r e m a i n s  ze ro  when T > 0.63, the cyl inder  will be c o m p r e s s e d  under  identical  conditions to about 
f i ve - seven ths  of its m a s s .  The ehoiceofp(x} can theore t i ca l ly  ensure  comple te ly  uni form compres s ion .  

In conclusion,  let us make  a number  of r e m a r k s  concerning the l imits  of appl icabi l i ty  of the model  
of a p e r m e a b l e  body to actual  n~edia. It has been noted [1] that one condition for  the appl icabi l i ty  of the 
model  is 1~2/c2<<1, where  c is the speed of sound behind the front  of the shock wave.  This  condition is 
c l ea r ly  violated as e -~ 0 (here  I l~I is of the (~rder of magnitude of c) and in the  case  of focusing (since I l~l 
i n c r e a s e s  with inc reas ing  wave ampli tude m o r e  rap id ly  than the speed of sound}. Thus, the degree  of 
cumulat ion will  v a r y  due to the com pre s s i b i l i t y  of  a skeleton with increas ing  p .  in the d i rec t ion of the de-  
gree  of cumulat ion of solid m a t t e r  and will not be as g rea t  as  that predic ted by theory .  The asymptot ic  
equations (8}-(10} and prev ious  [1] r e su l t s  mus t  t he re fo re  be cons idered  as upper  l imits  of actual  cumula-  
t ion p r o c e s s e s  of shock waves  in a porous  med ium.  
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